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1 Introduction 



The problem on Lagrangian submanifolds in Calabi- Yau manifolds or general Kahler manifolds 
has been the subject of intense study over the last few decades. They are important both in 
mathematics and physics because minimal Lagrangian submanifolds in Calabi- Yau manifolds 
are related to T-duality and Mirror symmetry in physics in the fundamental paper ll23ll . However, 
to construct a minimal Lagrangian submanifold is very difficult. Here we will use Lagrangian 
mean curvature flow to give some sufficient conditions for the existence of minimal Lagrangian 
submanifolds in a general Kahler-Einstein manifold. 

A mean curvature flow is called Lagrangian mean curvature flow if the initial submanifold 
is Lagrangian. It is proved by ifTSl that the property of Lagrangian is preserved along the mean 
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curvature flow. Thus, it is possible to use the flow method to construct minimal Lagrangian 
submanifolds. A natural question is how to analyze the long time behavior or singularities along 
the Lagrangian mean curvature flow. In |[24l . Thomas- Yau conjectured that under some stability 
conditions the Lagrangian mean curvature flow exists for all time and converges to a special 
Lagrangian submanifold in its hamiltonian deformation class. There are several results relevant 
to this conjecture. In ||20l|[l22ll Smoczyk and Smoczyk-Wang proved the long time existence 
and convergence of the Lagrangian mean curvature flow into a flat space under some convexity 
conditions respectively, and in [|T|| Chau-Chen-He studied the flow of entire Lagrangian graph 
with Lipschitz continuous initial data. In f26\. M. T. Wang also proved the convergence for the 
graph of a symplectomorphism between Riemann surfaces. However, the flow will develop finite 
time singularities in general, and the readers are referred to ||25l ||6l lfT2l |fT3l IfTOl and references 
therein. 

In this paper, we will consider the Lagrangian mean curvature flow in a general Kahler- 
Einstein manifold with arbitrary dimension under some stability conditions. Let {M,g) be a 
complete Kahler-Einstein manifold with scalar curvature R and 

5 

= Vsup \W'Rm\ < oo, inj{M) > lq > 0, (1.1) 
where inj(M) is the injectivity radius of (M, g). The first main result is 

Theorem 1.1. Let (M, g) be a complete Kahler-Einstein manifold satisfying f li.il) with scalar 
curvature R < 0, and L be a compact Lagrangian submanifold smoothly immersed in M. For 
any Vq, Aq > 0, there exists eo = eo(Vo, Aq, -R, i^s, ^o) > such that if L satisfies 

Vol(L) < ^, \A\ < Ao, ^ \H\^ < eo, (1.2) 

where A is the second fundamental form of L in M and H is the mean curvature vector, then 
the Lagrangian mean curvature flow with the initial data L will converge exponentially fast to a 
minimal Lagrangian submanifold in M. 

Here we need to assume the scalar curvature of the ambient Kahler-Einstein manifold is 
negative because any minimal Lagrangian submanifold is strictly stable in this situation. Thus, 
it is natural to expect that for any small perturbation of a minimal Lagrangian submanifold, the 
Lagrangian mean curvature flow will exist for all time and deform it to a minimal Lagrangian 
submanifold. Theorem 11.11 shows that this is indeed true, but we don't need to assume the 
existence of minimal Lagrangian submanifolds. 

For a Kahler-Einstein manifold with nonnegative scalar curvature, we have the result: 

Theorem 1.2. Let (M, g) be a complete Kahler-Einstein manifold satisfying f li.il) with scalar 
curvature R > 0, and L be a compact Lagrangian submanifold smoothly immersed in M. For 
any Vq, Aq, 5o > 0, there exists eo = eQ{Vo, Aq, Sq, R, K^, lq) > such that if 

i. the mean curvature form of L is exact, 
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2. L satisfies 

Ai>^ + 5o, Vo\{V)<Vo, \A\<Ao, J^\Hf<eo, 

where Ai is the first eigenvalue of the Laplacian operator with respect to the induced 
metric on L, 

then the Lagrangian mean curvature flow with the initial data L will converge exponentially fast 
to a minimal Lagrangian submanifold in M. 

For Lagrangian submanifolds in Kahler-Einstein manifolds with positive scalar curvature, 
a notion of hamiltonian stability was introduced in [14] to characterize the variations of the 
submanifold under hamiltonian deformations. The hamiltonian stability is more natural than 
the standard stability for the case when the scalar curvature is positive. For example, MP" and 
the Clifford torus T" in CP" are hamiltonian stable but not (Lagrangian) stable in the standard 
sense. Thus, to get a convergence result for the Lagrangian mean curvature flow it is natural 
to expect that the deformation along the flow is hamiltonian, which is equivalent to say that the 
mean curvature form along the flow is exact. Fortunately, the exactness of the mean curvature 
form is preserved along the mean curvature flow. This is why we need the assumption 1 in 
Theorem 11.21 

In [fT4]| . Y. G. Oh proved that a minimal Lagrangian submanifold is hamiltonian stable if and 
only if the first eigenvalue of the Laplacian operator Ai > R/2n. Thus, the assumption 3 of 
Theorem 11.21 on the first eigenvalue ensures that the limit minimal Lagrangian submanifold is 
strictly hamiltonian stable. Since for the well-known examples MP" and the Clifford torus T" 
in CP" the first eigenvalue Ai = R/2n, we can see that Theorem 11.21 cannot be applied. It is 
interesting to know whether we have the corresponding result in this situation. This phenomenon 
is similar to the Kahler-Ricci flow on Kahler manifolds with nonzero holomorphic vector fields 
(cf. 0). 

Before stating the third result, we introduce 

Definition 1.3. A vector fleld X is called an essential hamiltonian variation of L , if X can be 
written as X = JV f where f ^ Ex^- Here Ex^ is the flrst eigenspace of the Laplacian operator 
A on L. 

Theorem 1.4. Let {M,g) be a compact Kahler-Einstein manifold with R > 0. Suppose that 
(p : L M is a compact minimal Lagrangian submanifold with the first eigenvalue R/2n and 
X is an essential hamiltonian variation of Lq = (f){L). Let (ps '■ L M{s G {—rj^rj)) with 
(f)Q = (j) be a one-parameter family of hamiltonian deformations generated by X. Then there 
exists eo = eo{X, Lq, M) > such that if Lg = (j)s{L) C M satisfying 

\\(t^s - 0o||c3 < eo, 

then the Lagrangian mean curvature fiow with the initial Lagrangian submanifold Lg will con- 
verge exponentially fast to a minimal Lagrangian submanifold in M. 
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Note that we can show that a minimal Lagrangian submanifold L with Ai = R/2n is strictly 
hamiltonian stable along an essential hamiltonian variation X(cf. Lemma [64l) . Theorem 1 1.41 
says that the flow will exist for all time and converge if the initial Lagrangian submanifold is 
a small perturbation of L along essential hamiltonian variations, which is reasonable since L is 
strictly hamiltonian stable along these directions. 

The idea of the proofs of Theorem ll.ll and ll.2l is similar to that used in First, we use the 
smallness of the mean curvature vector in a short time interval to get the exponential decay of 
the LF' norm of the mean curvature vector, which is a crucial step in the whole argument. Then, 
by a simple observation(cf. Lemma 13.41) we can get all higher order estimate of the second 
fundamental form from the decay of the norm of the mean curvature. This step relies on 
the noncoUapsing assumption of Lagrangian submanifolds, which is a technical condition and 
can be removed in the proof of the main theorems. This step is different from the Kahler-Ricci 
flow in imim, where we use the parabolic Moser iteration to get C° order estimate of the Kahler 
potential. Then, we can show that the exponential decay of the mean curvature vector implies 
that the second fundamental form is uniformly bounded for any time interval and we can extend 
the solution for all time. The readers are referred to [[3]| for more details of the argument. 

In a forthcoming paper, we expect to extend the argument in the present paper to the case 
when the initial submanifold is not Lagrangian. Our argument might be also useful for the 
symplectic mean curvature flow (cf. SlUll), and we will explore this in the future. 

This paper is organized as follows: In Section 2, we recall some basic facts and evolution 
equations of mean curvature flow and Lagrangian submanifolds. In particular, we will give some 
details of the proof which will be used in the paper. In Section 3, we will show several technical 
lemmas along the Lagrangian mean curvature flow. In Section 4 and 5, we will finish the proof 
of Theorem 11.11 and 11.21 In Section 6, we will recall some basic facts on the deformation of 
minimal Lagrangian submanifolds and finish the proof of Theorem 1 1.4[ In the last section, we 
collect some examples where our theorems can be applied. 

Acknowledgements: The author would like to thank Professor X. X. Chen, W. Y. Ding and 
F. Pacard for their constant, warm encouragements over the past several years. We would also 
like to thank W. Y. He for numerous suggestions which helped to improve the whole paper. 



2 Notations and preliminaries 

In this section, we recall some evolution equations from [[5]| for the mean curvature flow in 
arbitrary dimension and codimension, and then we discuss the special case of Lagrangian mean 
curvature flow. 

Let (A/, g) be a m-dimensional Riemannian manifold and Fq : L ^ M be a smoothly 
immersed submanifold with dimension n. We consider the a one-parameter family of smooth 
maps Ft : L ^ M with the image Lt = Ft{L) smooth submanifold in M and F satisfies 

t) = H{x, t), F{x, 0) = Fo{x). (2.1) 

Here H{x, t) is the mean curvature vector of Lt at F{x, t) in M. Choose a local orthonormal 
frame ei, • • ■ , e„, e„+i, • ■ ■ , of M along Lt such that ei, ■ • • , are tangent vectors of Lt 
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and e„+i, ■ ■ ■ , are in the normal bundle over Lf. The second fundamental form and the mean 
curvature operator are given by 

j\. = A 6(^5 H —— H 
where a E {n + 1, ■ ■ ■ , m}. Let A" = [hf-) where {hf-) is a matrix given by 

where V is the Levi-Civita connection on M. The mean curvature H°' = g'^hfj, where gij = 
g{ei, Cj) is the induced metric on L. By direct calculation we have the evolution equation of the 
induced metric 

d_ 



With these notations, we have the evolution equations of the second fundamental form and 
the mean curvature vector. 

Lemma 2.1. (cf. ^) The evolution equation of the second fundamental form is given by 



-h% = V,V,H^-H^h}h'^ + h^^b''^ + H^R^,p, (2.2) 



d_ 
Ft' 

— iyiRajil + ^iRaljl) — {Rpajlhil + RajSilh^jl) + {Rmlljh'^m + Rillmh'^m) 
+ '^Riljmhml + Raipihij + h^jV^^ (2.3) 



where = g{-^ea, ep)- The equation of mean curvature vector is given by 

d_ 

dt 



m = AH'^ + H^hf^h^i + RfR^ipi + H%. (2.4) 



Here Rabcd the curvature tensor in M and we choose the convention such that Ruvuv > 
for round spheres. 

Proof. The equations (12. 21) (12. 31) follow directly from Lemma 2.3-2.5 and Proposition 2.6 in |l5l, 
and (12.41) follows from (12.21) and the definition of H. 

□ 



Now we recall some basic facts of Lagrangian mean curvature flow from [fT8]| - [|2TI . As- 
sume that (M, g, J) is a Kahler-Einstein manifold of real dimension m = 2n, and L is an 
ra-dimensional manifold smoothly immersed into M by a smooth map F : L ^ M. Let u be the 
associate Kahler form of the metric g. The submanifold Lq = F(L) C M is called Lagrangian 
if 

F*u = 0, on L. 

Choose normal coordinates {a;*} for L and we have that Cj = diF are the tangent vectors of L. 
Since L is Lagrangian, Jcj is a normal vector for any i = 1, ■ ■ ■ ,n. In fact, 

g{Jei,ej) = LD{ei,ej) = 0. 



5 



Hence, {cj, Jcj} is a local coordinate frame of M. For convenience, we use that an underlined 
index denotes the application of the complex structure J. For example 



9ii = g{ei, Jej). 

For simplicity, we denote by h^j the second fundamental form hjj = —g{Jek, VeiC-, ). Since L 
is Lagrangian, it is easy to check that the second fundamental form has full symmetry 

uk _ -Lk _ 11 
''ij ~ ''ji ~ ^kj- 

The mean curvature vector H = —H\Jei where W = g^^fi'^^i- The norms of the second funda- 
mental form and the mean curvature vector are given by 



We define the mean curvature form by an = gijH^dx\ and we have the following well-known 
result: 

Lemma 2.2. If M is a Kdhler-Einstein manifold, then an is a closed 1-form. 
Proof By the full symmetry of h^j, we have 

daniei, e,) = ViH^ - = Vih% - V,/i^; = R^^kk. 

where we have used the Codazzi equation 

^ih]k - ^jh\k = -Rikji- 
Since M is a Kahler-Einstein manifold, by equality (12.101) below we have 

daniei, ej) = Rji = —u{ej, e^) = 0, on L, 

since L is Lagrangian. The lemma is proved. □ 

For the mean curvature flow (|2.1I) . if the initial data Lq is Lagrangian, then the submanifolds 
Lt are all Lagrangian (cf. ifTSl ). Thus, we call the flow (12.11) the Lagrangian mean curvature 
flow if the initial submanifold Lq is Lagrangian. It was proved by [l2T| that the exactness of the 
mean curvature form of Lt is preserved along the Lagrangian mean curvature flow. 

Lemma 2.3. Along the Lagrangian mean curvature flow, we have 



d_ 
dt 



-W = AH' + H^Jvi^Kni + H^Ruj^i - H^H^Ky (2.5) 



The second fundamental form satisfles 



= V.V.i/^ - H-^hf,h1, - H^hl,h^ + H^Rkjm... (2.6) 
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Proof. Since Lt is Lagrangian along the flow, we have 



h\_ = ^(^e„ e,) = -g{JV,A-H\k). e,) = -iJ'/if,. (2.7) 



By ( |24l ). we have 
The equation (12.61) follows directly from (|2.7I) and Lemma [2?T1 

□ 



Lemma 2.4. (c/ /EH/j /jf initial mean curvature form is exact, then there exists a smooth 
angle function 9{x, t) such that an = dO and 

Proof. It follows from [[TSl that anit) are exact as long as the solution exists if the initial mean 
curvature form is exact. Since W = V^9, and we calculate 

= V'M + {Ru^M + H"'K-KiK;)Ve. (2.9) 

Combining (|Z9l) with (|231 ). we have 

do 

at ' ' 



2n 



Hence, (|2.8I) is proved. 



□ 



For the readers 'convenience, we collect some basic facts on curvatures in a Kahler manifold. 
Let (M, g) be a Kahler manifold, the Ricci curvature is given by 

Rac = g^^R-ABCD- 

Here doubled latin capitals are summed from 1 to 2ra. Now in the local frame {cj, Jcj} we 
calculate 

Rab = R{eA,ek,eB,ek) + R{eA,Jek,eB,Jek) 

= R{eA, Cfc, Jcb, Jck) - R{eA, Jck, Jes, Ck) 
= R{ek, ca, Jek, Jes) + -R(eA, J^k, e^, Jcb) 
= —R{Jek,ek,eA,JeB)=RABkk- 

Hence, we have 

Rab = RABkk, Rab = —RABkk- (2.10) 
The scalar curvature R = Rkk + Rkk = '^Rkk- Since (7 is a Kahler- Einstein metric, we have 

D — An 
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3 Estimates 



In this section, we derive some estimates along Lagrangian mean curvature flow. 



3.1 The mean curvature vector 

In this subsection, we will prove that the norm of the mean curvature vector decays expo- 
nentially under certain conditions. More precisely, we will prove that the norm of the mean 
curvature vector will decays exponentially when the mean curvature is small and the scalar cur- 
vature of the ambient Kahler-Einstein manifold is negative. For the case of nonnegative scalar 
curvature, an interesting condition on the exactness of the mean curvature form is assumed to 
ensure the exponential decay when the mean curvature is small. 

Lemma 3.1. Let {M, g) be a Kahler-Einstein manifold with scalar curvature R. For any A, e > 
0, if the solution Lt(t G [0, T]) of Lagrangian mean curvature flow satisfies 

\Am<A, \Hm<e, te[0,T], 

then we have the inequality 

4/" \H\^dfXt< (-R + 2Ae] [ \H\^d^it, te[0,T]. (3.1) 
Moreover, if we assume that the mean curvature form of Lq is exact, then 

^ [ \H\^d^t < -2fAi-^-Ae) / \H\^diJ.t, (3.2) 



dt Jl, V 2n / 

where Ai is the first eigenvalue of A with respect to the induced metric on L. 
Proof. By (12.51) we calculate 

It [ \H?d,,, 



dt 



L 



Lt 



at at 



< j -2|Vfci/T + 2H'Whlihif^ + 2WWRirnjrn " AWWR'^hi^ - (3.3) 
We claim that for any vector field X = X^Ci on L, the inequality holds 

V^X'=|2 - hi^hl„Xx' > I iV.Xf - H^hTiX'X' - RkikiX'XK (3.4) 

L J L 
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In fact, 



^ i,k Jl 

= J2 f |V.XY + ^?(VfcV,X^XO. (3.5) 

i,k 

Note that we can change the covariant derivatives 

'^k^iX^ = ^i'^kX^ + RkikiX^ 

= V.V.X^ + {R,,,i + h^,h^ - KihT,)X\ (3.6) 

where Rijki is the curvature tensor on L and we used the Gauss equation 

Rijkl = Rijkl + h^k^^l ~ ^U^'jk- 

Thus, (1331) and (IX6l) imply that 

< j^\V,X''\^-\V,Xf + Rk.kiX'X' + H"'h^X'X'-hi„XmX'X^, 
which proves (I3.4|) . 

Now we apply the inequality (13.41) for the vector iJ^Cj and combine this with (13.31) 

< / -2| Vfci^f + 2WWhlhlf, + 2WWRi,njm - 4:H'WH^h% - \H\^ 

JLt 

< [ -2\ViHf + 2{RkikiH'H' + H'WRi^^^)-2H'WH^h%-\H\\ (3.7) 

Note that Rkiki + Rikik = Riu by the assumption we have 

|- / \H\^dnt < ! 2RijWW -2H'H'H^h]^ 

JLt JLt 



< (^ + 2Ae) f \H\'dfit. 



Thus, (13.11) is proved. 

If we assume that the mean curvature form of Lq is exact, then by Lemma 12.41 the mean 
curvature form is also exact for all t. Thus, there exists a smooth function 9{x, t) with W = 
which implies 

|V,i/f = ! |A^P>Ai I |V^P = Ai I \H\^. 



Lt J Lt J Lt 



Combining this with (|3.7I) . we have 



Thus, (13.21) is proved. □ 
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3.2 The first eigenvalue 

In previous section, we know that when the scalar curvature of the ambient manifold is nonnega- 
tive, the exponential decay of the norm of mean curvature vector will depend on the behavior 
of the first eigenvalue of the Laplacian along the flow. In this subsection, we give some estimates 
on the first eigenvalue, which essentially says that the first eigenvalue will have a positive lower 
bound if the mean curvature vector decays exponentially. 

Lemma 3.2. Along the Lagrangian mean curvature flow, we have 

1. For any constants 5, A > 0, there exists to = ioiP'^ A, A'2, 5) such that if the solution Lt 
satisfles \ A\ < A fort G [0,to], then 

v^Mt) > v/M0)(i - 5) - <5, te[o,to]. (3.8) 

2. For any constants T, e, 7, A > 0, if the solution Lt satisfles 

\A\ < A, \VH\ + \H\ < ee-^\ t e [0, T], (3.9) 
then we have the estimate 

v/AlM > xAIMe-^^^^-^-^) - + te[0,T]. (3.10) 

7 

Proof. Let f{x,t) be a eigenfunction of the Laplacian operator with respect to the induced 
metric on Lt satisfying 

-A/ = Ai(t)/, / />i=l. 
Taking derivative with respect to t, we have 

2f%-f^\H\' = 0. (3.11) 
ot 

Observe that the first eigenvalue satisfies 



JLt 



Thus, we calculate 

dXi _ d 



fAfdfit 

-Lt €^^-^^(1^)^-^^^'^'^ 

[ -2H%JVkVif 

JLt 

[ 2H%,V,fVif + 2{H%i)kfVif, (3.12) 

JLt 
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where we used the equality (13.1 II) . Note that by the Codazzi equation we have 

Vkh\i - Vih\^ = -Rikik- 
Combining this with (13.121) . we have 

JLt 

= [ 2H%,VkfVif-\H\'{\Vf\' + fAf) 

JLt 

-2WR,kikfVif + 2VkH%JS/if. (3.13) 

(1). Under the assumption 1, by Lemma [33] and l377] there exist positive constants t = t(n,A,Ki) 
and ai = ai{n, A, K2) such that 



\WH\<^, te(0,t]. 



Thus, by (I3.13|) we have 



where ci = 4A^, C2 = 2Aai and C3 = 2_K'oA. Thus, we have 

^/X^> ^/XMe-"^' -%-C2Vt, te[o,t]. 

If we choose t sufficiently small, then (13.81) is proved. 
(2). Under the assumption (13.91) . by (13.131) we have 

— i > -2Aee-^*Ai - 2e'^e-'^^'\i - 2Koee-^'\~^ - 2Aee-^*Af 
dt ~ i u 1 1 

> -(2Aee-^* + 2e^e-^'")Xi - 2{Kq + A)ee~^*Af , t G [0,T]. 

Thus, we have 

^) > v/A^e-^(^^-^^) - 

7 



□ 
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3.3 Zero order estimates 



In Section I3.1[ we proved the exponential decay of the norm of the mean curvature vector 
under some conditions. To get a pointwise decay of the mean curvature form, we need to do 
more work. One way is to use the parabolic Moser iteration as in the Kahler-Ricci flow in BU 
and (si. However, the Sobolev inequality for submanifolds in a Riemannian manifold needs 
many restrictions (cf. ifTTI ). Here we give a simple observation to bound the C° estimates by 
the norm. First, we introduce the following definition, which is inspired by Ricci flow [17]: 

Definition 3.3. A geodesic ball B{p,p) C L is called K-noncollapsed z/Vol(i?(g, s)) > ns"' 
whenever B{q, s) C B{p,p). Here the volume is with respect to the induced metric on L. A 
Riemannian manifold L is called K-noncollapsed on the scale r if every geodesic ball B{p, s) is 
K-noncollapsed for s < r. 

Lemma 3.4. IfLo is K^-noncollapsed on the scale tq, then for any small geodesic ball Bt{p, p) 
in Lt with radius p G (0, tq), we have 

Vol(Ei(p,p)) >Koe-("+')^(*V", 

where E(t) is given by 

E{t)= f ma.^{\A\\H\ + \H\^) ds. (3.14) 
Proof. Recall that the evolution equation of the induced metric on L is given by 

which implies that the distance function satisfies 

e-^Wdo(x,y) < dt{p,q) < do{p,q)e^^''> 

and the volume form dfit > e~^^^^dpo, where E{t) is given by (|3.14l) . Thus, the volume of 
Bt{p, p) has the estimate 

Vol(5,(p)) = / dpt> ! e-^Wrf/xo > «:oe-("+^)^(*V^ 

JBt{p,p) JBo(p,e-E{t)p) 

as long as p < ro since Lq is Ko-noncoUapsed on the scale tq. The lemma is proved. 

□ 

To derive the zero order estimate of the mean curvature vector, we prove the following simple 
result: 

Lemma 3.5. Suppose that L is K-noncollapsed on the scale r. For any tensor S on L, if 

|VS|<A, J \S\''dp<e, 

where e < r""*"^, then 

maxIS*! < (^ + A)e"^- 
L \./k } 
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Proof. Assume that l^l attains its maximum at point Xq G L. Thus, for any point x G B{xq, 5) 
with small 5 > we have 

\S{x)\ > \S{xo)\-A5 > 0. 

Hence, we have the inequality 

e> / |5|2d/i> (|5(xo)| - A5)2Vol(5(xo,5)) > (|5(xo)| - A5)2k5". 

Jb{xo,S) 

1 1 

Let 6 = e"+2 and we choose e small such that e"+2 < r, then 

maxIS*! < f^ + AV"^- 



The lemma is proved. □ 

3.4 Higher order estimates 

In this subsection, we collect some basic estimates for the second fundamental form, which can 
be proved by the maximum principle. The following result shows that the second fundamental 
form doesn't change too much near the initial time. 

Lemma 3.6. Along the Lagrangian mean curvature flow, ifLo satisfies 

|A|(0)< A, \H\{0)<e, 
then there exists T = T[n, A, A'l) such that Lt has the estimates 

\A\{t) <2A, \H\{t)<2e, tG[0,T]. (3.15) 



Proof. It follows from the maximum principle. Recall that by (|2.3I) the second fundamental 
form satisfies 

— \A\ < A\A\ + ci{n)\A\^ + C2(n, Ko)\A\ + c^in, K{). 
ot 

Let to = sup{s > I \A\{t) < 2A, t e [0, s)}. Then, for t G [0, to) we have the inequality 

d 

— \A\ < A|A| + 8A=^ci + 2Ac2 + C3, t e [0,to). 
Thus, we can apply the maximum principle 

3 A 
< max|A|(0) + (SA^Ci + 2Ac2 + C3)t < -A, t G [0, 



io ' " ' ' . _ 2 ' ^ ' 2(8A3ci + 2Ac2 + C3)'' 

Combining this with the definition of to we have 

A 



tn > 



2(8A3ci + 2Ac2 + C3) 
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Now we estimate the mean curvature vector. In fact, for t E [0,to] the mean curvature 
satisfies the inequality 



dt 

which implies 



d 

'H\ < A\H\ + \A\^\H\ + Ko\H\ < A\H\ + {AA^ + Ko)\H\ 



\H\{t) < |i7|(0)e(^^^+^o)* < 26, te [0,min{to, J^^f]^^}]- 



Thus, (13131) holds for 



^ . r ^ log 2 ^ 

_/ = mini Y 

^ 2(8A3ci + 2Ac2 + C3) ' (4A2 + Ko) ^' 



□ 



For higher order estimates, K. Smoczyk proved in fW\ that all higher order derivatives of the 
second fundamental form are bounded if the C° norm of A is bounded for a short time interval. 
However, the bound of higher order derivatives will depend on the derivatives of the second 
fundamental form of the initial submanifold. In this paper we need more precise estimates as in 
Ricci flow. The following result is taken from O], and the readers are referred to |I3 for details. 

Lemma 3.7. (cf. Theorem 3.2 in [{7]) Assume that the Lagrangian mean curvature flow has a 
smooth solution for t G [0, T). If there is a constant A such that 

max|Ap<A, te[0,T], 

Lt 

then for any k > there exists a constant Ck = Ck{n, A, -ft'fc+i, T) such that 

iTmx\V'A\'<^, te(0,T], 



where Kk = Ylt=o i^axjv/ |V'-Rm|. 



4 Proof of Theorem 1.1 



In this section, we will prove Theorem ll.il For any positive constants n, r, A, e, we define the 
following subspace of Lagrangian submanifolds in M by 

A{K,r,A,e) = |l L is K-noncoUapsed on the scale r with \ A\(t) < A, \H\(t) ^ 

The following result shows that the flow will have good estimates for a short time. 

Lemma 4.1. If the initial Lagrangian submanifold Lq G A{k, r, A, e), then there exists t = 
T{n,A,Ki) > such that Lt G A{^K,r,2A,2e)fort G [0,r]. 
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Proof. This result follows directly from Lemma [341 and Lemma [X6l 



□ 



The following lemma is a crucial step in the whole argument of the proof. It shows that if the 
flow has a rough bound for a finite time interval, then we can choose some constant sufficiently 
small such that the mean curvature will decay exponentially and the flow has uniform bounds 
which are independent of the length of this time interval. 

Lemma 4.2. For any kq, tq, Aq, Vq, T > there exists eo = eo('^0! f^o^ Aq, n, K^, Vq) > such 
that if the solution Lt{t G [0, T]) of the Lagrangian mean curvature flow satisfles 

1. Lq e A{Ko,ro,Ao,eo) andVol{Lo) < Vq, 

2. Li G^(|Ko,ro,6Ao,2eo^)(t G [0,T]), 
Then we have the following properties 

(a) The mean curvature vector satisfles 

max\H\{t) < e^e^^i+s)*, t E [r,T]. 

Lt 

(b) The second fundamental form 

max|y4|<3Ao, t e [0,T]. 

Lt 

(c) Lt is ^KQ-noncollapsed on the scale r^for t G [0, T]. 

1 

Thus, the solution Lt G ^(|/to, tq, SAq, e^^^ ) for t G [0, T], and by Lemma \4J\ we can extend 

1 

the solution to [0, T + 5] such that Lt G ^(|ko, tq, SAq, 2eQ^'^){t G [0, T + S\) for some 5 = 
(5(n,Ao,i^i) >0. 

1 

Proof, (a). For any Aq > 0, we can choose €q small enough such that 12Aoeo+^ < - Thus, 
by Lemma im the mean curvature vector satisfies 

[ \H\'^dfit<e^^' f \H\^dfio<Voele^\ t e [0,T]. (4.1) 

J Lt J Lq 

1 

Note that Lt G ^(|fi:o, tq, GAq, 2eo+' ) for t G [0, T], by Lemma [3]7] there is a constant Ci = 
Ci{n, Aq, K2) such that 

\VA\{t)<C,{n,Ao,K2,T), t e [t,T]. (4.2) 

Here we can choose r = r(n, Aq, Ki) in Lemma |4~T1 Thus, by Lemma [33] and (I4.1N4.2I) we 
have 

\H\{t) < (./A + Ci)K)'^eo^eOT)*, t G [r,T]. (4.3) 
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where we have used the fact that Lt is |-noncollapsed on the scale tq and V^el < Tq"*"^ if eg is 
small enough. Thus, if cq is small such that (^^J^ + C*i j Vq"^^ e^^^ < 1, then we have 



(6). By Lemma [377] there exist some constants Ck = Ck{n, Aq, Kk+i) such that 

iV'Alit) < Ao,i^A:+i,r), t G [r,T]. (4.4) 

By Lemma [377] and Property (a), we have 

/ \V^H\^dnt< I \H\\W^H\dfit<VoC4e^e^^\ t e [t,T], (4.5) 

JLt Jit 

where we used the fact that Vol(Lt) is decreasing along the flow since 

d 



-Vol(L,) = - / \H\'dfit < 0. 



Thus, by Lemma [33] we have 

\V^H\ < + CgjQ^l^o^etp^e t G [r,T]. (4.6) 



Recall that by Lemma [23] |A| satisfies the inequality 

d 



^^\A\ < \V'H\ + c{n)\A\'\H\ + \Rm\\H\. (4.7) 



Thus, by Lemma [3^ (14. 61) (14. 7 1) and (a) we have 

\A\{t) < \A\{t) + J\v'H\ + {K, + \A\')\H\ 



+ (J^o + 36Ag)6o+^ ^^^^ ' 
< 3Ao, (4.8) 



if we choose cq sufficiently small. 

(3). By (13.141) . Lemma [O Property (a)(6) we have 



E{t) < [ max{\A\\H\ + \H\'^) ds + [ max{\A\\H\ + \H\'^) ds 

Jo ^ Jt ^ 



.^2n(n + 2) , ^-A_n(n + 2) 



R R 
< ;^log| tG[0,T], 

where eo is small enough. Thus, by Lemma [J4[ Lt is |Ko-noncollapsed on the scale tq for 

te[o,T]. 

□ 
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Now we can prove the following stability result, which needs the noncoUapsing condition of 
the initial submanifold. This condition can be removed by the comparison theorem in Theorem 

o 

Theorem 4.3. Let (M, g) be a complete Kdhler-Einstein manifold satisfying rti.il) with scalar 
curvature R < 0, and L be a compact Lagrangian submanifold smoothly immersed in M. 
For any ko,to, Vo,Ao > 0, there exists eg = eQ{KQ,rQ,Vo, Aq, R, K^) such that if L is kq- 
noncollapsed on the scale tq and satisfies 

Vol(L) < \/o, 1^1 < Ao, \H\ < eo, 

then the Lagrangian mean curvature flow with the initial data L will converge exponentially fast 
to a minimal Lagrangian submanifold in M. 

Proof. . Suppose that Lq G A{k,o, tq, Aq, eo) for any positive constants kq, ro, Aq and small eo 
which will be chosen later. Define 

to = supjt > I G ^(^/€o,ro,6Ao,2eo^), s G [0,t)}. 

Suppose that to < +oo. By Lemma l4~2l there exists eo = eQ{Ko,rQ, Ao,n, K^,Vo) such that 

1 

Lt G A{^K,o, ro, 3Ao, eg+^ ) for all t G [0, to). Moreover, by Lemma l4~2l again the solution Lt can 

1 

be extended to [0, to + such that Lt G A{^ko, ro, 6Ao, 2eQ +^ ), which contradicts the definition 
of to- Thus, to = +00 and 

G^(^Ko,ro,6Ao,2eo^), tG [0,oo). 

By Lemma 14.21 the mean curvature vector will decay exponentially to zero and the flow will 
converge to a smooth minimal Lagrangian submanifold. The theorem is proved. 

□ 

We can finish the proof of Theorem 1 1.1 1 as follows: 

Proof of Theorem [7J] We will show that under the assumption of Theorem 11.1 [ the flow Lt will 
satisfies all the conditions in Theorem 14 . 3 1 after a short time. Suppose that the initial Lagrangian 
submanifold L satisfies (11.21) . by Lemma |3^ there exists T = T(n, A, Ki) such that 

|A|(t)<2A, tG[0,T]. (4.9) 

We claim that there exists to = to(n. A, Ki) < T such that the norm of the mean curvature 
vector satisfies 

/ \H\^dfXt <2eo, tG[0,to]. (4.10) 
In fact, by (13.71) in Lemma [STI we have 

|- / \H\^di^t < [ 2RijH'W - 2WWH^hif, - \H\^ 

JLt JLt 



< + I \H\'dfXt, (4.11) 
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where we used (14.91 ) and the inequality 

2H'H^H''hi^ < 4A2|iy|2 + \H\^. 

Thus, we have 

f \H\^dfit<e''^'' f \H\^dfio < eoe^^'\ t e [0,T]. (4.12) 

J Lt J Lq 

which proves (14.101) if we choose to sufficiently small. 

Now we prove that there exist kq, rg > such that Lt is /tQ-noncoUapsed on the scale tq for 
t e [|to) ^o]- In fact, by Proposition 2.2 in ^ or Theorem 2.1 in [|7]| the injectivity radius of L is 
bounded from below 

tnj{Lt)>L, te[-to,to] (4.13) 

for some constant l = L(n, A, Kq, lq). By (14.91 ) and by Gauss equation the intrinsic curvature of 
Lt is uniformly bounded 

\Rm\<C{Ko,A), te[ho,to]. (4.14) 

By (I4.13I)(I4.14I) together with the volume comparison theorem, there exist kq = Ko{n, lq, Kq, A) 
and ro = ro{n, lq, Kq, A) such that Lt is Ko-noncoUapsed on the scale tq for all t E [^to, to]. 

By (14.91) and Lemma [377] the derivative of the second fundamental form is uniformly bounded 

\VA\<Ci{n,A,K2), te[ho,to]. 
Now we can apply Lemma 1331 to show that 

\H\{t)<(^ + 2Ci){2eo)^^ te[ho,to]. 

In summary, all the conditions in Theorem 14. 3 1 are satisfied for Lt{t E [■^to,to]), and thus 
Theorem 1 1.1 1 is proved. 

□ 



5 Proof of Theorem 1.2 



In this section, we will prove Theorem 1 1.2[ The idea of the proof is similar to that of Theorem 
ll.ll but more involved since we need to consider the evolution of the first eigenvalue. 

For any positive constants 5, k, r, A, e, we define the following subspace of Lagrangian sub- 
manifolds in M by 



L is K-noncoUapsed on the scale r with 



Ai>i + 5, |A|(t)<A, \H\it)<e 
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Lemma 5.1. If the initial Lagmngian submanifold Lq e B{k, r, S, A, e), then there exists r = 
T{n,A,6,K2,R) > such that Lt G B^K^r, f,2A,2e) for t e [0,r]. 

Proof This result follows directly from Lemma l3.4l and Lemma l3.6[ □ 

Lemma 5.2. For any hq, tq, ^o, Aq, Vq, T > there exists eo = eo(Ko, tq, 6o, R, Aq, n, K^, Vq) > 
such that if the solution Lt(t G [0, T]) of the Lagrangian mean curvature flow satisfies 

1. Lq E B{Ko,ro,So,Ao,eo) andVol{Lo) < Vq, 

2. Lt e S(|«:o,ro,|5o,6Ao,2eo^)(t G [0,T]), 
Then we have the following properties 

(a) The mean curvature vector satisfies 

max\H\{t) < e^e~^(^\ t E [t,T]. 

Lt 

(b) The second fundamental form 

max|A| < 3Ao, t E [0,T]. 

(c) Lt is ^KQ-noncollapsed on the scale rofor t E [0, T]. 

(d) The first eigenvalue 

1 

Thus, the solution Lt E i3(|Ko! ^o? SAq, eo'^^)/ort E [0. T] . and by Lemma \5.1\ we can extend 

1 

the solution to [0, T + 6] such that Lt E B{^kq, tq, ^Sq, GAq, 2eQ'^^)(t E [0, T + S]) for some 
5 = 5{n,Ao,Ki) > 0. 

Proof, (a). By assumption 2, the first eigenvalue satisfies Xi{t) > ^ + 3^- Thus, we have 

Ai - ^ - 12Ao6^ > ^, tE[0,T] 
In 4 

when Co is small enough. Thus, by (13.21) in Lemma [3TT] the mean curvature vector satisfies 

j \H\^dfit < e~^* / \H\^dfio < Voele-'-^\ t E [0,T]. (5.1) 

1 

Note that Lt E i3(|fi:o,ro, |^o,6Ao,2eo+') for t E [0,T], by Lemma [377] there is a constant 
Ci = Ci{n, Ao, -^"2) such that 

\VA\{t) < Ci(n,Ao,ir2,r), t E [r,T]. (5.2) 



19 



Here we can choose r = r(n, Aq, Sq, K2, R) in Lemma [STl Thus, by Lemma [33] and (I5.1N5.2I) 
we have 

\H\{t) < (./A + Ci)v^o'^eo^e-5{^*, t e [t,T]. (5.3) 



Kq 

J2 ^ 



where we have used the fact that Lt is |-noncollapsed on the scale tq and VqEq < if eo is 
small enough. Thus, if cq is small such that (^^J^^ + Ci j V^^'^ 65+^ < 1, then we have 



\H\{t)<e'^+^e~^)\ tG[r,T]. 



(6). By Lemma [377] there exist some constants Ck = Ck{n, Aq, K^+i) such that 

l^'m) < Ck{n,Ao,Kk+i,T), t e [t,T]. (5.4) 
By Lemma [3/7] and Property (a), we have 

[ \\/^H\^dfit< [ \H\\W^H\dfit<VoC,ef''e-A\ t e [t,T]. 

JLt JLt 

Thus, by Lemma [33] we have 

\V^H\<(\l^ + C^)ct''V^'ef^e~^(^\ te[r,T]. (5.5) 
V V /to ^ 

Recall that by Lemma [23] |A| satisfies the inequality 

^\A\ < \V^H\ + c{n)\A\^\H\ + \Rm\\H\. (5.6) 
at 

Thus, by Lemma [STTl (15. 51) (15. 6|) and (a) we have 

m) < \A\{t) + l\v'H\ + {Ko + \AnH\ 




< 2Ao+(a/- + C3)CPK)"^6o^^^'' + ^^^ 



,2,^^2(n + 2) 
5n 



< 3Ao, (5.7) 



if we choose e sufficiently small. 

(c). By (13.141) . Lemma [5TT] Property {a){b) we have 



E{t) < [ max{\A\\H\ + IHI"^) ds + [ max{\A\\H\ + {Hl"^) ds 

Jo ^ Jt ^ 



< 4Aoeor + 4e^r + 3Aoeo+^^- + 
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where eo is small enough. Thus, by Lemma [X4l L^ is |Ko-noncollapsed on the scale tq for 
[0,T]. 

(d). By (15.41) and Property (a) we have 

[ \VH\^<f \H\\V'^H\<VoC2ei^'e~^^)\ t e [r, T] 

JLt Jit 

Thus, by Lemma [331 we have 

\^H\ < (J— + C2)C^Vt{^e^e~w)^' 

< e|(^e"wF*, te[T,T], (5.8) 
if eo is sufficiently small. Thus, we have 

\H\ + \VH\ < 2ef^ e~^(^* (5.9) 
Note that by Lemma [STI the first eigenvalue 



2{»i+2)^ 



Thus, by (13.101) in Lemma [X2l we have 

, , (" + 2)^ /^o. A„^2(n + 2)2 , - (n + 2)^ \ 9/ , 

> AArMe— ■ l"'"^" ^ - ^^^^(i^^o + 6A0) ■ 2el 

do 

V 2?i 3 oo 
Thus, if eo is small enough we have 

The lemma is proved. 



2{n+2)2 



□ 



As in the proof of Theorem ll.il we can see that Theorem 11.21 follow s directly from Lemma 
13. 21 and the result: 

Theorem 5.3. Let (M, g) be a complete Kahler-Einstein manifold satisfying U.l^ with scalar 
curvature R > 0, and L be a compact Lagrangian submanifold smoothly immersed in M. For 
any kq, vq, Vq, Aq, Sq > 0, there exists eo = eo(Ko, tq, Vq, Ao, R, So, K^) > such that if 

1. the mean curvature form of L is exact, 

2. L is KQ-noncollapsed on the scale tq, 
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3. L satisfies 

Ai>^ + 5o, yo\{V)<Vo, \A\<Ao, \H\<eo, 

where Ai is the first eigenvalue of the Laplacian operator with respect to the induced 
metric on L, 

then the Lagrangian mean curvature fiow with the initial data L will converge exponentially fast 
to a minimal Lagrangian submanifold in M. 

Proof. . Suppose that Lq e B{Ko,rQ, 5o, Aq, eo) for any positive constants Ko,ro,(5o,Ao and 
small eo which will be chosen later. Define 

to = sup|t>0 I e i3(^/€o,ro,^5o,6Ao,2eo^), se [0,t)}. 

Suppose that to < +00. By Lemma \5J\ there exists eo = eo{Ko, tq, 60, R, Aq, n, K^, Vq) > 

1 

such that Lt G S(|fi:o, '"o, y, 3Ao, eg^^) for all t G [0, to). Moreover, by Lemma O again the 

1 

solution Lt can be extended to [0,to + 5] such that Lt E B{^Ko,ro,^So,6Ao,2eQ^''), which 
contradicts the definition of to. Thus, to = +00 and 

Lt e B{^Ko,ro, ^5o,6Ao,2eo^), t E [0,oo). 

By Lemma 15.21 the mean curvature vector will decay exponentially to zero and the flow will 
converge to a smooth minimal Lagrangian submanifold. The theorem is proved. 

□ 



6 Proof of Theorem 1.4 



In this section, we will introduce some definitions related to the deformation of a Lagrangian 
submanifold, and prove the exponential decay of the mean curvature vector under the Lagrangian 
mean curvature flow with some special initial data. The idea of the argument is very similar 
to Kahler-Ricci flow in a Kahler-Einstein manifold with nonzero holomorphic vector fields(cf. 

mm- 

6.1 Deformation of minimal Lagrangian submanifolds 

Let (M, g) be a Kahler-Einstein manifold. First we give some definitions(cf. 

Definition 6.1. (1). Let L G M be a Lagrangian submanifold and X be a vector field along L. 
X is called a Lagrangian(resp. hamiltonian) variation if its associated one form 

ax = ix^^ 

is closed(resp. exact), where uj is the Kdhlerform of the metric g on M. 
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(2). A smooth family (f)s of immersions of L into M is called a Lagrangian (resp. hamilto- 
nian) deformation if its derivative 

ds 

is Lagrangian (resp. hamiltonian) for each s. 

In the following, we assume that 0o : L — > M is a smooth minimal Lagrangian subman- 
ifold into a Kahler-Einstein manifold {M,g), and X = JV/o is a hamiltonian variation of 
Lq = (poiL). We remind that the notation Lq has different meaning in previous sections, and the 
readers should not confuse it. 

We can extend the vector X to a neighborhood of Lq in M such that it is still hamiltonian. 
Let (ps : L ^ M[s G (—77, 77)) be a family of hamiltonian deformations generated by X and we 
write Lg = ^^(Lo). For the hamiltonian deformation Lg, we have the following result: 

Lemma 6.2. Let fg be a smooth function such that 

dLg 
ds 

then the Lagrangian angle Og of Lg satisfies 



J^fs, (6.1) 



^ = -A J. - ^fg. (6.2) 
OS 2n 

Proof. Let {ei, ■ ■ ■ , e„} be a normal coordinate frame on Lg with ej = dicpg. Since Lg is La- 
grangian for each s, the vectors Jei, ■ ■ ■ , Je„ are orthogonal to L. The induced metric on Lg is 
9ij = di^i, ef). By (16.11) we have 

^ = 2V^fgh%. (6.3) 



By the same calculation as in Lemma [23l the second fundamental form satisfies 

= -v.v, + v'-fgh-ih'^, + Vfshl^Ki; - v^fgR,_,^. 

and the mean curvature vector 

= -AV7. - y'fshj^hli - V^fsRu^i + V^fsH%^. (6.4) 

Since Lg is a hamiltonian deformation, we can write W = V^Og. Thus, by the same calculation 
in the proof of Lemma |23] and (16.41) we have 

r% '-^Sjs „ J S- 

OS 2n 

The lemma is proved. 

□ 
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Recall that a minimal Lagrangian submanifold is called hamiltonian stable (resp. strictly 
stable), if for any hamiltonian variation X the second variation along X of the volume functional 
is nonnegative (resp. positive). When M is a Kahler-Einstein manifold with scalar curvature R, 
Oh lfT4ll proved that a compact minimal Lagrangian submanifold L is hamiltonian stable if and 



only if the first eigenvalue of the Laplacian operator on L has Ai > 
Now we introduce the definition: 

Definition 6.3. A nonzero vector field X is called an essential hamiltonian variation of a La- 
grangian submanifold Lq , if X can be written as X = JV f where f ^ E\-^, where Ex^ is the 
first eigenspace of the Laplacian operator A on L. 

For an essential hamiltonian vector X on a minimal Lagrangian submanifold Lq, we can 
show that Lq is strictly hamiltonian stable along the variation X in the following sense: 



Lemma 6.4. Let (ps '■ L ^ M be a hamiltonian deformation of a minimal Lagrangian subman- 

£andX = ^1 



ifold Lq = 4>q{L) with Ai = ^ and X = |r|s=o- Then X is an essential hamiltonian variation 



on Lq if and only if 

|.Vol(L, 



> 0. 

s=0 



Proof. Let Xg = Since Lg is a hamiltonian deformation, we can find smooth functions fs 
such that Xg = V/^. Now we calculate 



where we used (16.31 ). Thus, the second variation of the volume is 

^Vol(L,)[^^ = ^ (Ao/o + ^/o)Ao/orf/xo (6.5) 

where we used the equality (16.21) and the fact that Lq is minimal. By the eigenvalue decomposi- 
tion, we can assume that 

oo 

1=1 

where the functions rji satisfies 

-AoTji = XiT]i, / r]f dfio = 1 



for the eigenvalues Ai < A2 < ■ ■ ■ . Thus, (16.51) can be written as 



^2 °° D 

Vol(L,) = J2 «'^^(^^ - tt) ^ 0' (6.6) 
s=o ^ — ' 2n 

1=1 



ds 



2 



where the equality holds if and only if Oj = for alH > 2, which says /o G -Eai- The lemma is 
proved. □ 
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6.2 Exponential decay of the mean curvature vector 



To proceed further, we need the following compactness result for mean curvature flow. 

Proposition 6.5. (cf. /[2]/j Let (j)k{t) : L C M be a sequence of mean curvature flow from a 
compact submanifold L to a compact Riemannian manifold M with uniformly bounded second 
fundamental forms 

\Au\{t)<C, VtG[0,T]. 

Then there exists a sequence of (pk (f) which converges to a mean curvature flow 0oo (f) {t G 
(0, T))) and L^o = (f)oo{t){L) is a smooth Riemannian manifold. 

Proof. The proposition is proved by Chen-He in |2] for the case when the ambient manifold 
is the Euclidean space. For a general compact ambient manifold M, we can embed M iso- 
metrically into for some large N and the corresponding mean curvature of the submanifold 
(j)k{L)(t) in is still uniformly bounded. Thus, we can apply Chen-He's theorem and the 
proposition is proved. 

□ 

We denote by j = 0^ j(Lo) (t G [0, T]) the Lagrangian mean curvature flow with the initial 
data Ls. Since Ls is a hamiltonian deformation of Lq, the mean curvature form of Lg is exact 
for each s. Thus, the mean curvature form of Ls^t is also exact, and we denote the Lagrangian 
angle by Og^t- Suppose that the deformation Lg is sufficiently close to Lq in the following sense 

\\(t)s - <^o||c3 < eo (6.7) 

for small eo which will be determined later. The next lemma shows that Og^t satisfies certain 
inequality if Lg is sufficiently close to Lq : 



Lemma 6.6. Let X = JV/o be an essential hamiltonian variation ofL^, where Lq is a minimal 
Lagrangian submanifold with the flrst eigenvalue Ai = For any A > 0, there exists eo = 
eo(Lo, X, M) > and 5o > such that if Lg^t satisfles 

\Ag\{t)<^, \Hg\{t)<eo, VtG[0,T] (6.8) 

then the Lagrangian angle Og^t of Lg^t satisfles 

[ |Ae,,i|2 > i^ + So) [ |Ve,,ip, te[0,T]. (6.9) 



Thus, we have 



I: / \Hg,t\' < -2(5o - Aeo) / t G [0, T]. 



(6.10) 



Proof. Suppose that (16.91) doesn't hold, there exist some constants Sj — 0, 5j and U E [0, T] 
such that 

\Ag^\it)<A, \Hg^\{t)-^0, te[0,T] (6.11) 
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and 



(6.12) 



By (16.1 II) and Proposition 16.51 a sequence of the Lagrangian mean curvature flow Ls^^t{t £ 
(0, T)) will converge to a limit Lagrangian mean curvature flow Loo,t smoothly for t G (0, T). 
Since the initial submanifolds L^. satisfies (16. 7|) . the limit flow has Loo{t) Lq in C^'" as t 
goes to zero. By (16.1 lh again the mean curvature of Loo{t){t e (0, T)) are identically zero and 
by the uniqueness of mean curvature flow we have 



Lo, te[o,T]. 



Note that by (16.121) we have 



Si In 



\V-t 

Si 



Since Lq is minimal, we can take Si to get 





A dOs t 
A ' 






^99 St 
V 




/ 










ds 




~ 2n Jl, 


ds 


(o,t.) 



(6.13) 



On the other hand, by Lemma the Lagrangian angle 9s,t satisfies 



Since Ln is minimal, we can take s 



dt ' ' In 

, — to derive 



d 09 



s,t 



dt ds 



A, 



09 



s,t 



s=0 



ds 



R d9. 



=0 2n ds 



By the eigenvalue decomposition as in Lemma [6!4l we have 



d9s 



ds 



Now we claim that 



(s,t)={0,0) 

d9.t 



R 



Ex.. 



ds 



s=0 



Ex„ tE[0,T]. 



In fact, for any function rj G Ex^ by (16.141) we have 



(6.14) 



(6.15) 



d_ 
dt 



d9s 



Lo 



ds 



s=0 



Lo 



d9 



s,t 



ds 



R d9s,t 



~'~ 2n ds 



/■ /a R \d9 



s,t 



ds 



s=0 



which proves (I6.15|) . 
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Note that 



d9s 



ds 



= -Ao/o - ^fo ^ 0, 

(s,t)={o,o) In 



since X is an essential hamiltonian variation. Thus, by (16.141) we can see that 
for all t e [0, T], and (16.151) implies that 

2 



IS nonzero 



s=0 



/ 






'> As / 


^96 St 
V 






as 


s=0 




9s 


s=0 



(6.16) 



where the second eigenvalue A2 > Ai = Note that (16.161) contradicts (16.131) . and (16.91) is 
proved. 

Recall that by (13.71) in Lemma [STI we have 

d 



2\ViHY + -\Hr + 2Aeo\H\ 
n 



< -2(5o-Aeo) / \H\\ 



Thus, (16.101) is proved. 



(6.17) 
□ 



6.3 Proof of Theorem 1.4 



In this section, we will prove Theorem 11.41 by using the same argument as in the proof of 
Theorem 11.11 and II. 2[ Since Lq is a smooth minimal Lagrangian submanifold, we can find 
kq, tq > such that Lq is 2fi:o-noncollapsed on the scale tq. Thus, by the assumption of The- 
orem 11.41 we can choose eo small enough such that Lg is AtQ-noncollapsed on the scale tq and 
Ls G A{k,q, ro, Aq, eo) for some constant Aq > 0, where A{k, r, A, e) is the following subspace 
of Lagrangian submanifolds in M defined by 

A{k, r, A, e) = |l L is K-noncoUapsed on the scale r with \ A\{t) < A, \H\{t) < e|. 



Consider the solution ^ of the Lagrangian mean curvature flow with the initial data Lg, we 
have 



Lemma 6.7. If the initial Lagrangian submanifold Ls G A{k, r, A, e), then there exists t = 
r(n, A, A'l) such that Ls^t G r, 2A, 2e)/or t G [0,r]. 

Proof This result follows directly from Lemma l3.4l and Lemma l3.6[ □ 

Lemma 6.8. For any kq, tq, Aq, Vq, T > there exists eg = €0(1^0, vq, AQ,n, K^,Vq) such that if 
the solution Ls^tif G [0; ^]) of the Lagrangian mean curvature flow satisfies 

L Ls G A{ko, ro, Aq, eo) and Yo\{Ls) < Vq, 
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2. L,,t G ^(i/€o,ro,6Ao,2e^^+')(t G [0,T]), 
r/?en we /?ave the following properties 
(a) The mean curvature vector satisfies 



m&x\Hs,t\ < eo+'e"^*, t G [r,T]. 



fZ?) The second fundamental form 

max|v4,,j| < 3Ao, tG[0,T]. 



(c) Ls,t is ^hiQ-noncollapsed on the scale vq for t G [0,T]. 

1 

Thus, the solution Ls t G ^(|ko, tq, SAq, ep^^ ) /or t G [0,T], and by Lemma^^we can extend 

1 

f/ie solution to [0,T + 5] i'Mc/z ?/za? t G ^(|ko, Tq, 6Ao, 2eo^^ )(t G [0,T + 6]) for some 
5 = 5{n,Ao,Ki) > 0. 

Proof, (a). For any Aq > 0, by Lemma [6^ we can choose cq = eo(X, A, Lq, M) small enough 
such that the mean curvature vector satisfies 

I \Hs,t?diXs,t < e-'"* / \Hs\M^i, < Voele-'°\ t G [0,T]. (6.18) 

1 

Note that Ls^t e A{\kq, tq, 6Ao, 2eo+' ) for t G [0, T], by Lemma 1X71 there is a constant Ci = 
Ci(n, Aq, K2) such that 

|VA,,j| < Ci(n, Ao,K2,r), t G [r,T]. (6.19) 

Here we can choose r = r(n, Aq, -ft'i) in Lemma 16771 Thus, by Lemma |33] and (|6.18N6.19I ) we 
have 

\HsA < (\[^ + cM^'ef~'e~^-\ t G [r,T]. (6.20) 

V V Kn / 



where we have used the fact that Lt is |-noncollapsed on the scale tq and Voe^ < Tq"*^^ if eo is 
small enough. Thus, if eo is small such that (^y^ + Ci^ Vq""^" Sq^^ < 1, then we have 

I^^mI < eo^e-^*, tG [r,T]. 
(6). By Lemma [377] there exist some constants = Ck{n, Aq, -ft'fc+i) such that 

|V^^,,| < Cfc(n,Ao, J^fe+i,r), t G [r,T]. (6.21) 
By Lemma [377] and Property (a), we have 

I \V^H,,t\^dfi,^t < ! \H,,t\\V^H,,t\dfis,t < VoC^e^'e-^^\ t G [r,T], 
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\^^Hst\< (\[^ + Cs)ci+'v/+'ef^e t e [t,T]. (6.22) 



where we used the fact that Vo^L^ is decreasing along the flow. Thus, by Lemma [33] we have 

J ^ \ ^Trr^ ^ ^-r-n, 7rTT>7 — - — ^ 

Kq 

Recall that by Lemma [23] |A| satisfies the inequality 

^\A\ < \\/^H\ + c{n)\A\'^\H\ + \Rm\\H\. (6.23) 
Thus, by Lemma [677] (I6.22i)(i6.23l) and (a) we have 

IV72t7 I , , I /1|2m t^^^ 



< 2Ao + ( J- + Cs) Ct' K."^' 



n + 2 T/71 + 2 ^ (>i + 2)2 



(n + 2) 



' ~oi-4 -u U e 



1 r) -I- 2 

+ (i^o + 36Ag)er^^ 
do 

< 3Ao, (6.24) 



if we choose cq sufficiently small. 

(c). By (13.141) . Lemma [677] Property {a)(b) we have 



E{t) < [ max{\A\\H\ + \H\'^) ds + [ max{\A\\H\ + \H\'^) ds 

Jo ^ Jt ^ 



< 4Ao6or + 4elr + SAoe^^ ^ + ^o"^ ^ 



where eo is small enough. Thus, by Lemma [34[ / is |ft;o-noncollapsed on the scale tq for 

te[o,T]. 

□ 

Now we can finish the proof of Theorem II. 4[ 

Proof of Theorem lL4\ . Suppose that Lg E A{ko, tq, Aq, eo) for any positive constants kq, tq, Aq 
and small eo which will be chosen later. Define 

to = sup|t>0 I G^(^Ko,ro,6Ao,2eo^), [0,t)}. 

Suppose that to < +oo. By Lemma \6M there exists eo = eo(Ko, ro, Ao, n, i^s, VJj) > such 

1 

that Lg^t E ^(§^0, '"o, 3Ao, ep^^ ) for all t G [0, to). Moreover, by Lemma [6^ again the solution 

1 

Lt can be extended to [0, to + 5] such that Ls,t G A{^k,o, ro, 6Ao, Seg^^), which contradicts the 
definition of to- Thus, to = +oo and 

Ls,t e A{^no, To, 6Ao, 2eo^), t G [0, oo). 

By Lemma 16.8! the mean curvature vector will decay exponentially to zero and the flow will 
converge to a smooth minimal Lagrangian submanifold. The theorem is proved. 

□ 
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7 Examples 



In this section, we give some examples of minimal Lagrangian manifolds where Theorem 11.11 
and Theorem 1 1.41 can be applied. However, to the author's knowledge, there is no examples of 
strictly hamiltonian stable minimal Lagrangian submanifold in Kahler-Einstein manifolds with 
positive scalar curvature. 

Example 1: (cf. jSl) Let Mi, M2 be closed Riemann surfaces with hyperbolic metrics gi, g2 
respectively. Then (Mi, gi) x (M2, g2) is a Kahler-Einstein surface of negative scalar curvature. 
Suppose that S be a closed surface with = PiXi^i) = p2x{M2) where pi,p2 are positive 
constants and the map 

/ = (/i,/2):S^(Afi,(?i)x(M2,^?2) 

satisfies deg/i = pi, deg/2 = —p2 or deg/i = — pi, deg/2 = P2- Then there exists a 
unique minimal Lagrangian surface Lq in the homotopy class /. By Theorem 1 1.1[ for any small 
Lagrangian perturbation of Lq as the initial data, the mean curvature flow will exist for all time 
and converge exponentially to Lq. 

Example 2: (cf. [[IllIBl) Consider the Clifford torus 

T" = {[^0 : ^1 : ■ ■ ■ : G CP" I \z,\ = \z^\ = ■■■ = \z^\}. 

It is proved in [fT4l that the Clifford torus is hamiltonian stable and the first eigenvalue of the 
Laplacian is Ai = By IfTSl the first eigenspace is spanned by the following functions re- 
stricted to the torus: 

Re{zi), lm{zi), Re{ziZj), lm{ziZj) (7.1) 

for < z 7^ j < n. Thus, if the initial data is any small hamiltonian deformation of generated 
by a vector field X = JV f where / is not in the space spanned by (17. 1|) . the mean curvature 
flow will exists for all time and deform it exponentially to a Clifford torus up to congruence by 
Theorem 11.41 

More generally, we have the following example where Theorem [L4] can be applied: 

Example 3: (cf. [[T6l ) Let G be a compact semisimple Lie group, g its Lie algebra, (, ) an 
74(iG-invariant inner product on g, and M an adjoint orbit in g with the associate 2-form equal to 
the canonical symplectic form. If (M, (, )) is Kahler-Einstein with positive scalar curvature and 
L C M is a closed minimal Lagrangian submanifold, then Ai = ^ and L is hamiltonian stable. 
Morover, all of the coordinate functions oi L ^ q are in the first eigenspace of L. Thus, as in 
Example 2, Theorem 1 1.41 can be applied in this situation. 

References 

[1] A. Chau, J. Y. Chen and W. Y. He, Lagrangian mean curvature flow for entire Lipschitz 
graphs. arXiv:0902.3300vl. 

[2] J. Chen and W. Y. He, A note on sigular time of mean curvature flow. arXiv:08 10.3883. 

[3] X. X. Chen and H. Li, Stability of Kahler-Ricci flow. arXiv:0801.3086. 



30 



[4] X. X. Chen, H. Li and B. Wang, On the Kahler-Ricci flow with small initial energy. Geom. 
Func. Anal. Voll8-5 (2008), 1525-1563. 

[5] ] J. Chen and J. Li, Mean curvature flow of surfaces in 4-manifolds, Adv. Math. 163 (2001), 
287-309. 

[6] ] J. Chen and J. Li, Singularity of Mean Curvature Flow of Lagrangian submanifolds. Invent. 
Math. 156 (2004), no. 1, 25-51. 

[7] ]B. L. Chen and L. Yin, Uniqueness and pseudolocality theorems of the mean curvature 
flow. Comm. Anal. Geom. 15 (2007), no. 3, 435-490. 

[8] Y. I. Lee, Lagrangian minimal surfaces in Kahler-Einstein surfaces of negative scalar curva- 
ture. Comm. Anal. Geom. 2 (1994) 579-592 . 

[9] X. Han and J. Li, The mean curvature flow approach to the symplectic isotopy problem, 
IMRN, 26 (2005), 1611-1620. 

[10] X. Han and J. Li, Singularities of symplectic and Lagrangian mean curvature flows. 
arXiv:math/0611857v4. 

[11] D. Hoffman and J. Spruck, Sobolev and isoperimetric inequalities for Riemannian sub- 
manifolds. Commun. Pure. Appl. Math. 27(1974), 715-727 and 28(1975), 765-766. 

[12] A. Neves, Singularities of Lagrangian mean curvature flow: zero-Maslov class case. Invent. 
Math. 168 (2007), no. 3, 449-484. 

[13] A. Neves, Singularities of Lagrangian mean curvature flow: monotone case. 
arXiv:math.DG/060840 1 v 1 . 

[14] Y. Oh, Second variation and stabilities of minimal Lagrangian submanifolds in Kahler 
manifolds. Invent. Math. 101 (1990), no. 2, 501-519. 

[15] Y Oh, Volume minimization of Lagrangian submanifolds under Hamiltonian defroma- 
tions. Math. Z. 212(1993), 175-192. 

[16] H. Ono, Minimal Lagrangian submanifolds in adjoint orbits and upper bounds on the first 
eigenvalue of the Laplacian. J. Math. Soc. Japan. Vol 55(2003), no. 1, 243-254. 

[17] G. Perelman, The entropy formula for the Ricci flow and its geometric applications. 
arXiv:math/0211159. 

[18] K. Smoczyk, A canonical way to deform a Lagrangian submanifold. arXiv:dg- 
ga/9605005v2. 

[19] K. Smoczyk, Angle theorems for the Lagrangian mean curvature flow. Math. Z. 240(2002), 
849-883. 

[20] K. Smoczyk, Long time existence of the Lagrangian mean curvature flow. Calc. Var. 
20(2004), 25-46. 



31 



[21] K. Smoczyk, Harnack inequality for the Lagrangian mean curvature flow. Calc. Var. 
8(1999), 247-258. 

[22] K. Smoczyk and M. T. Wang, Mean curvature flows for Lagrangian submanifolds with 
convex potentials. J. Differ. Geom. 62(2002), 243-257. 

[23] A. Strominger, S.-T. Yau and E. Zaslow, Mirror symmetry is T-duality. Nucl. Phys. B 
479(1C2) (1996), 243C259 

[24] R.P. Thomas and S.-T. Yau, Special Lagrangians, stable bundles and mean curvature flow. 
Comm. Anal. Geom. 10 (2002), 1075-1113. 

[25] M. T. Wang, Mean Curvature Flow of surfaces in Einstein Four- Manifolds. J. Diff. Geom. 
57 (2001), no. 2, 301-338. 

[26] M. T. Wang, A convergence result of the Lagrangian mean curvature flow, in the Proceed- 
ings of the third International Congress of Chinese Mathematicians. 

[27] M. T. Wang, Some recent developments in Lagrangian mean curvature flows, to appear in 
Surveys in differential geometry. Vol. XII, Surv. Differ. Geom., IX, Int. Press, Somerville, 
MA, 2008. 

Department of Mathematics 

East China Normal University, Shanghai, 200241, China. 
Email: lihaozhao@gmail.com 



32 



